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We shall consider here the problem of motion of a rigid body about a
fixed point in the Newtonian central forcc field, when the fixed point
is at the distance R from the center of attraction.

Assuming that the distance R is large as compared with the dimensions
of the body, we shall express [1] the force function U(y, y’', v'9 with
accuracy to a constant term in the form of series of powers of R~
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Let us denote by U,(y, Y'. v’ an expression like (1) in which all
terms of the order R-n and higher are truncated. From this approxima-
tion we obtain the approximate equations of motion of a rigid body
about a fixed point in the Newtonian force field
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which reduce for n = 0 to the equations of the conventional problem of
motion of a rigid body about a fixed point in & uniform gravitational
field.

The right-hand sides of equations (2) are polynomials, and the first
integrals of these equations

AP+ B+ CP—2U, (1, 7, 1) =G, 3
Apy + Bey' + Cry" = C,, Tyt rr=1

are algebraic. Besides, the system of equations (2) does not contain the
time t explicitly and has the last Jacobi multiplier equalling unity.
Thus equations (2) and their first integrals when n > 0, and equations
(2) and their first integrals when n = 0, have the same properties.

The following [2] well known theorem applies to the equations of
motion of a rigid body about a fixed point for the classical problem:
the fourth algebraic integral of the equations of motion exists in those
cases and in thcse cases only (in the case of Euler, in the case of
Lagrange and in the case of Kovalevska) when the general solutions for
p, 4, r, v, Y and y” in the whole complex plane of the variable t are
single-valued.

The question arises whether the above theorem applies to equations
(2) when n > 0.

Let us consider equations (2) when n = 1. It has been proved [3.4]
that for these equations the fourth algebraic integral exists only in
two cases analogous to the cases of Ruler and Lagrange for system (2)
when n = 0. From (5] it follows that other cases at n = 1 with single-
valued integrals of differential equations (2) are really not new cases,
but reduce to the two above mentioned cases.

Solutions for these cases obtained by Kobb [6], Kharlamova [7] and
Beletskii [8] failed to explain whether the general integrals of the
problem are single-valued or not. There are, however, good reasons to
believe that in these two cases there exist single-valued general solu-
tions for p, q, r, v, v and y", and the presented theorem is applicable
to equations (2) when n = 1.

We shall consider now equations (2) when n = 2 and we shall prove
that the theorem is not applicable in this case. Let us take a rigid
body satisfying the conditions

Xy = Yy = 0, A = B, Jpxx = oy Jye— 3 e = 150
Jaxx = JUVU = unl = Jex = wa =y =Jppr = 0

(Such a rigid body, for example, would be represented by a homogeneous
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cylinder of radius r and length h, (h, #1/2 Jsr) fixed at .he center
of its base.)

For the latter case the expression for the function 02 as obtained
from formula (1) is

Us () = — Mgzey" — %/3g (C — A) Y"*R™Y + S/ogly"R™* — ¥/ gly"R™* 4

and the first three equations of the system (2) become

gg“‘ mgry = — 1'Q, %—3 + mpro = 19, %;=0
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Equations (5) have the fourth integral r = ror which together with
the three first integrals (3) rewritten in the form

Pre—i=n pta——Om =k PEYHTI=1 @)

permit [1] the determination of y" from the relation

() =a—ra[p+ 20— ket n— D P =P () ™
dt A
Separating variables and integrating we obtain
ay”
t—ty= S — ®
VP

Inverting the integral (8) gives y"as & function of time which would
then be the general solution for y”. From formulas (4) and (7) and from
the condition ! # ¢ it follows that P(y’) is a fifth degree polynomial
of Y™ which means that the integral (8) is a hyperelliptic integral
whose inversion {9} is not a single-valued function.

Thus, when n = 2 the existence of the fourth general algebraic inte-
gral does not imply that this integral is single-valued. By & similar
reasoning we can easily find out that this will occur for all n > 2 if
we consider bodies for which U = U (y".

Consequently, we conclude that the presented theorem is not appli-
cable when n > 2.
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